A notable quasi-relativistic wave equation and its
relation to the Schrodinger, Klein-Gordon, and
Dirac equations
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Some results: 1D piecewise constant potentials

P9 b t) + U (1)

(yy+1)m ox

., 0
lflallj(x,t) = —

Looking for a solution of the form:
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It is 1mpossible to
confine a single
particle with mass in
a point, this should
be true for an
electron, a quark,
and probably may
also be true for a
black hole and the
whole universe at the
beginning of the Big
Bang.



Some results: Hydrogen-like atoms
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Proceeding as it is done for solving the same problem
when using the Schrodinger equation, it can be obtained

the following results :
Egr = —“[8— @n+A)JE] (3)

In Eq. (3), n =1, 2, ... is the principal quantum number
and:

B =4n% + 4a’Z? + 4nd + A%,

A= [(1 +(1+2D2 - 4a222) =20+ 1)] (4)

In Eg. (4), /=0, 1, ... (n-1) is the orbital quantum number, and
a is the fine-structure constant. The following approximated
formula is obtained by expressing Eq. (3) in powers of a (up to
al) :
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Comparison of the dependence on Z of the calculated energies for (a) n = 1
and /=0, (b)n =2 and [/ = 1. E was evaluated using (black continuous) Eq.

(3), and the exact Dirac energies (blue dashed) with j =/ + Y2, and (red dot-
dashed) with j =/ - %A.




Some results: Hydrogen-like atoms

ih 2@, t) = ———— 2y, £) + UEPE ) (1) InEq. (1): | 0 oF2)5 W o)
ot T~ [yv(r)+1]lm ’ ’ et :
2 0.020 Schrodinger equation
U = = — € 5
M=l == @ 0.015 _1 1= _
. o . . n=1,1=0,Z2=100
Proceeding as it is done for solving the same problem when using 0.010

the Schrodinger equation, it was obtained for the ground state of
Hydrogen-like atoms : 0.005
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r reduced mass, and: B
V2 —24 1+4 Comparison of the electron probability functions (P(r/rz), r is the
A1 = 2 ) Bio = Ty Cio=,2—Vv2+24 Bohr radius) for » = 1 and / = 0, which were calculated for the
Hydrogen-like Fermium atom using the solutions of the Schrodinger
When 0?Z72<<1: Ao~ aZ, Bio~1, Cio~az, thus: equation and the quasi-relativistic wave equation.
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In Eq. (4), rg = h/(ouc) 1s the Bohr radius. Therefore, for the Hydrogen r—Ar/2
atom (Z = 1) the solution of Eq. (1) coincides with the solution of the 1 +oo
Schrodinger equation. But for Z = 100, the Schrodinger equation strongly Ro(r) ==4,,(r), B? = J a2 (e)e?de
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underestimate the confinement of the electron in the ground state. p



Klein-Gordon equation
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Quantum description of a free particle with
mass m and spin-0 moving at relativistic
speeds

Quasi-relativistic wave equation
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For E >0, Eq. (2) is equivalent to:
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Dirac equation
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Each of the three components of the vector (& ) and
and f are 4 x 4 Dirac’s matrices. Each of the tree

components of the vector (p) 1is the differential
operator:
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The bispinor yp has four components; therefore, it can
be represented using two spinors in the following way:
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Proposing a solution of Eq (1) of the following form:

w0 = (40) e 3)

Produces the following system of two time-
independent spinor equations [Egs. (4) and (5)]:

c|@).®)|x = E-mDp=ko @&

c [@).®)|e=E+meDx (5
Each of the three components of the vector ) is a 2 x 2 Pauli’s
matrix. E + mc? > 0 when £ > 0, thus when E > 0, the bottom
equation of Eq. (5) can be rewritten in the following way:
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The two-component (spinor) time-independent quasi-relativistic
wave equation for a free-particle particle with mass m and spin-
1/2 can be obtained substituting Eq. (6) in Eq. (4):
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Therefore, when E > 0, each one of the two components of ¢ exactly
satisfices the same time-independent quasi-relativistic wave equation,
which corresponds to a free spin-0 particle with kinetic energy K.
Consequently, when V2 << ¢2, each one of the two components of ¢
exactly satisfices the same time-independent Schrodinger equation :
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The two-component (spinor), time-independent, Pauli-like quasi-relativistic wave

equation
(For a free electron moving through a constant magnetic field with magnitude B,,, pointing in the 7 direction)
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In Eq. (1) ug = eh/(2mc) is the Bohr magneton, and the
spinor @p 1S given by:

o= (0710

Eq. (1) reduces to the corresponding time-independent
Pauli equation when V2 << ¢

2 Plot of twice 2/(yy+1) as a function of K in
= %szpp(ﬂ — ppBext 0,0p (1) = E'@  (2) mc? units.

Equation (1) 1is the quasi-relativistic version of Eq. (2). When the electron moves slowly, vy ~ 1, thus Eq. (1) coincides
the non-relativistic Pauli equation. Eq. (1) includes two corrections to Eq. (2). First, includes the correct relativistic
relation between K and p. Second, as shown in in the above figure, the energy difference corresponding to the two

components of @p is not independent of K, as suggested by Eq. (2), but decreases by a factor of twice 2/(yy+1) at
quasi-relativistic energies. This relevant result could be easily tested experimentally.



Some results: Hydrogen-like atoms

Energies of the electron bound states in Hydrogen-like atoms using a
perturbative approach based on the Schrodinger equation:

E' = Egcp (1 + AEg scn + AEp son + AEso,sm) (1)

In Eq. (1), there are three relativistic corrections. The first one is the
relativistic correction to K, the second one is the Darwin correction, and
the third is the spin-orbit correction. However, when using a perturbative
approach based in the quasi-relativistic wave equation:

E, == EQR (1 + AED,QR + AESO,QR) (2)

In Eq. (2), there only are two relativistic corrections. The Darwin and spin-
orbit corrections are given now by the following equations:
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In Eq. (4), j =1+ % and j = | = %. Therefore; the energies corresponding to
the spectral lines are AE;, = E7,5,12,;2- En111.j1
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Dependence on Z of AE; (in meV) calculated using (red,
continuous) the exact values of the Dirac’s energies, (black,
dot-dashed) Eq. (1), and (blue, dashed) Eq. (2 ) for (a) a-
Lyman doublet, (b) a-Balmer doublet, (c) another example

corresponding to corresponding to the energy difference
between two others emission lines involving a state with / # 0.
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About the relativistic invariance of luminal standing waves

A luminal standing wave is formed by the superposition of two coherent beams of light traveling in the
vacuum in opposite directions. The optical disturbance (y’) of a luminal standing wave is described by the
following equation :

WY'(x"t") =sin(kx")cos(wt"), k=2x/A, w=2nv, Av =c. (1

However, due to the Doppler effect for light, one should expect that the optical disturbance (y) seen by an
observer moving respect to the interference pattern should not be described by the above equation. This is because
an observer moving parallel to the beams with speed V respect to the stationary interference fringes will see the
superposition of two light beams with different frequencies. Therefore, the observer moving respect to the
interference pattern would describe the optical disturbance resulting from the superposition of the light beams as
the superposition of two plane waves with different frequencies traveling in opposite directions. It can be shown
that the optical disturbance seen by the moving observer is described by the following expression:

Y(x,t)=Sinlk,(x-V)] Cos[kspx — wspt] . ()

We found that the “cosine” factor in Eq. (2) have a superluminal phase velocity, which is not a “likable”
feature. We also found that this “cosine” factor is a solution of the Klein-Gordon equation. I get curious about
this, and I looked for a way to get rid of this unlikable feature. I found that the follQwing wavefunction has a

subluminal phase velocity:
Lne?
(p(X, t) = Cos [kspx — Wsp t]eh (3) Are there particles with mass
and spin-0, which are formed

Moreover, I found that @(x, t) satisfies the following equation: from a superposition of two
coherent beams of light?
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The rest is just curiosity + Chinese flu + good luck + more curiosity + Bill Poirier!
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Poirier introduced the following recursive definition of the operator K:
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